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MSTRACT 
Tracking da ta  from the  Lunar Orbiter spacecraft  a r e  being analyzed 
a t  Langley Research Center t o  define the coef f ic ien ts  i n  the expansion 
of the lunar gravi ta t iona l  f i e l d  i n  terms of spher ica l  harmonics. The 
primary basis  f o r  the analysis  of the  g rav i t a t i  onal components and other 
parameters of in te res t ,  i s  a spec ia l  purpose computational approach 
using numerical techniques and the  procedures of d i f f e r e n t i a l  correction 
and weighted least squares. A preliminary s e t  of g rav i ta t iona l  f i e l d  
coeff ic ients  (through f i f t h  degree and f i f t h  order) i s  presented, and 
the contributions and possible  shortcomings of t h i s  se t  are  discussed. 
Contour p lo t s  of  lunar topography, as derived from the  grav i ta t iona l  
f i e l d  results,  a re  presented. 
the moon, the i n i t i a l  indicat ions are t h a t  the moaent of i n e r t i a  about 
the polar  axis i s  grea te r  than tha t  which would be expected on the basis  
of a homogeneous density d is t r ibu t ion .  
With respect t o  the mass d i s t r ibu t ion  i n  
L-5548 
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INTRODUCTION 
A basic  objective of the analysis '  of the  tracking data  f r o m  the  
Lunar Orbiter s e r i e s  of spacecraf t  is  t o  define the components of the 
g rav i t a t iona l  f i e l d  of the moon, f o r  appl icat ion t o  determination of 
various physical  propert ies  of the moon and f o r  appl icat ion t o  o rb i t  
predict ion f o r  lunar satel l i tes .  The spec i f i c  objective is  the deter-  
mination of the coef f ic ien ts  Cn,m and Sn,m of a f in i t e  number of 
terms i n  the inf ini te  s e r i e s  expansion of the lunar  grav i ta t iona l  
po ten t i a l  funct ion i n  spher ica l  harmonics 
1 if ($)n P ~ , ~  ( s i n  $1 (c,,, cos A m t s , , ~  s i n  A m> n=2 m=O r 
where ~1 i s  the product of the grav i ta t iona l  constant and the  mass of 
the  moon, a is  the mean radius of the moon, r i s  the r a d i a l  distance 
from the center  of mass of t he  moon, P,,, are the associated Legendre 
polynomials, $ is  l a t i t ude ,  (measured with respect t o  the lunar 
equator) and h is  longitude. The form of the po ten t i a l  function 
adopted here is t h a t  recommended by the In te rna t iona l  Astronomical Union. 
I n  the research e f f o r t  f o r  determination of the components of the 
lunar g rav i t a t iona l  f i e l d  a t  the NASA Langley Research Center, two 
d i f fe ren t  approaches are cur ren t ly  i n  use. Both approaches a r e  based 
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on the procedures of i t e r a t i v e  d i f f e r e n t i a l  corrections,  weighted least  
squares, and numerical in tegra t ion  of the equations of motion of the 
lunar spacecraft .  I n  the  primary procedure, which i s  designated as the 
"direct" approach, the observational equations are formulated d i r e c t l y  
i n  terms of the tracking da ta  observable, and the  p a r t i a l  der ivat ives  
required i n  the d i f f e r e n t i a l  correct ion process are the p a r t i a l  der i -  
vatives of the observables with respect t o  the  parameters t o  be deter-  
mined. The numerical in tegra t ion  of-the Cowell-type equations o f  motion 
i s  performed using a high-accuracy, 12th order predictor-corrector 
technique with a 4 th  order s t a r t i n g  procedure. I n  the  other approach, 
which can be designated as a "long-period" approach, the mean elements 
of the o r b i t  a re  derived a t  da i ly  in t e rva l s  from a f i t  t o  about two 
orb i t s  of tracking da ta  each day using the  d i r e c t  procedure, and the  
mean elements are taken as the basic  da ta  i n  the  observational equations, 
i n  which the p a r t i a l  der ivat ives  r e l a t e  the mean elements t o  the parameters 
t o  be determined. A t  the  present s tage of the analysis,  more da ta  have 
been analyzed by the d i r e c t  approach than by the  long-period approach, 
and the r e s u l t s  presented here are from the d i r e c t  approach. 
The r e s u l t s  and discussions presented i n  t h i s  paper should be con- 
sidered as inter im re su l t s  which may be subject  t o  modification, perhaps 
considerable modification, when addi t ional  da t a  become avai lable .  The 
cautionary a t t i t u d e  arises from consideration of inherent l imi ta t ions  
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i n  the da ta  which are avai lable  f o r  the analysss t o  date,  l imitat ions 
primarily associated with the r e l a t i v e l y  low inc l ina t ion  of the lunar 
s a t e l l i t e  o r b i t a l  plane with respect t o  the lunar equator. Whereas 
the ear ly  ear th  s a t e l l i t e s  had inc l ina t ions  of 35' o r  more, most of 
the da ta  included i n  the present analysis a re  from lunar s a t e l l i t e s  
with inc l ina t ions  of 12' and 17.5', which means tha t  the r e su l t s  are 
biased by g rav i t a t iona l  e f f e c t s  with or igin i n  the equator ia l  region 
of the  moon. Nevertheless, with t h i s  l imi t a t ion  implied throughout 
the  discussion, i t  i s  of i n t e r e s t  t o  apply the  grav i ta t iona l  f i e l d  
r e su l t s  presented here t o  calculat ions of preliminary r e s u l t s  f o r  the 
polar  moment of i n e r t i a  of the moon, the  topography of the moon, and 
re la ted  items, and t o  compare these r e s u l t s  with information which 
was previously avai lable .  
DATA USED I N  THE ANALYSIS 
Three Lunar Orbi ter  Spacecraft  have been successfully in jec ted  
i n t o  o rb i t  about the moon, t he  second and t h i r d  a t  three month in t e rva l s  
f rom the first,  which was launched i n  August 1966 (c f .  Etchael, Tolson 
and Gapcynski (1966)). 
are summarized i n  Table I. 
have been used f o r  the analysis  of the grav i ta t iona l  f i e l d  parameters 
presented i n  t h i s  paper. The observable i s  counted two-way doppler 
Chronological events f o r  each of the spacecraf t  
Tracking da ta  from each of these spacecraft  
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frequency, averaged over t i m e  i n t e rva l s  of one minute o r  less. The 
observable is a quant i ty  which i s  proportional t o  the r e l a t ive  l i n e  
of s igh t  veloci ty  between the tracking s t a t i o n  and the  spacecraft. 
Other da t a  types are avai lable  but  these have not been used i n  t h i s  
analysis .  The tracking da ta  are obtained through the f a c i l i t i e s  of 
the NASA Deep Space Network, operated f o r  NASA by the J e t  Propulsion 
Laboratory, using tracking s t a t ions  a t  Goldstone, Woomera, and Madrid. 
The spec i f i c  data  arcs  used f o r  the  analysis  are summarized i n  
Table 11, along with other per t inent  information. The data  a re  
generally well d i s t r ibu ted  throughout the  orb i t s ,  except during occul- 
ta t ions  by the moon which amount t o  about 45 minutes during the  o r b i t a l  
period of about 3 1/2 hours. Data obtained during the  photographic 
phases of the  missions a re  not analyzed because of frequent spacecraft  
maneuvers which possibly introduce s m a l l  t r ans l a t iona l  accelerations 
on the spacecraf t  due t o  uncoupled a t t i t u d e  cont ro l  system jets.  (These 
small perturbations are not accounted f o r  i n  the da t a  arcs used, but 
they may be considered i n  future work if  necessary. 
f l i g h t  analyzes indicate  t h a t  the e f fec ts  are probably negl igible  - ) 
24-day da ta  a rc  of o rb i t  configuration 1-2 and the 21-day da ta  a r c  of 
Some l imited post- 
The 
11-1 represent large fract ions of complete revolutions of the moon. 
The o r b i t a l  elements shown i n  Table I1 do not represent a wide var ia t ion  
i n  these properties,  which i s  one of the l imi ta t ions  on the data  avai lable  
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f o r  analysis  a t  t h i s  time. 
never grea te r  than 11.5 degrees from the lunar equator ( the l a t i t u d e  
For the f i v e  da t a  a rcs ,  per icenter  i s  
of per icenter  is -11.5 degrees a t  the end of a r c  1-2, and i s  l e s s  than 
+5 degrees f o r  the other a r c s )  .,
expected t o  exhib i t  the most pronounced influence of the grav i ta t iona l  
f i e l d  components for the  o r b i t a l  parameters of these da ta  arcs ,  and 
thus the r e s u l t s  obtained with these da ta  a re  s t rongly influenced by 
g rav i t a t iona l  e f f ec t s  with or ig in  i n  the equator ia l  regions. 
The da ta  near per icenter  can be 
PRELIMINARY RFSJLTS FOR THE GiEAJTITATIONAL FIELD OF THE MOON 
Values f o r  the lunar grav i ta t iona l  f i e l d  coef f ic ien ts  through f i f t h  
degree and order, as obtained from analysis  of tracking da ta  over the 
da ta  a rc s  discussed above, a r e  presented i n  Table 111. 
e f f i c i en t s  l i s t e d  i n  the t ab le  were included i n  the so lu t ion  except f o r  
and which was s e t  t o  ‘ 5 , O  
zero. For these r e s u l t s  the g rav i t a t iona l  constant of the moon, p, is 
4902.58 km3/sec2 and the mean radius i s  assumed t o  be 1738.09 km. 
A l l  the  co- 
which i s  very highly correlated with C ~ , O ,  
The standard deviations on the coef f ic ien ts  a r e  more an ind ica t ion  
of how the so lu t ion  f i t s  the da ta  than of changes which may be expected 
i n  fu ture  analyses. These standard deviations do not include any e f f ec t s  
of biases  produced by higher degree and order coef f ic ien ts  which were not 
included i n  t h i s  analysis .  Because the ava i lab le  da t a  are  l imited t o  the 
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equator ia l  region of moon, correlat ions between estimated and non- 
estimated coef f ic ien ts  may be as large as those discussed below and 
hence the addi t ional  biases  may be subs tan t ia l .  The second degree 
coeff ic ients ,  which are of i n t e r e s t  with respect  t o  the moments of 
i n e r t i a  of the moon, are r e l a t i v e l y  poorly determined and are f a i r l y  
highly correlated among themselves and with a number of t he  higher 
degree coef f ic ien ts .  For instance, f rom cor re la t ion  matrices ob- 
tained with the  solution, C z y O  is  highly cor re la ted  with C4,o 
(*997), with C (-.79) and with C4,i (-.83); C2,1 with C h Y l  
(-96); c2,2 with c4,2 (.85); S 2,1  with S 4 , 1  (.96); S 
2 ,1  
with 
292 
( .88) ;  and various lower correlat ions exist among these and s4, 2 
other coef f ic ien ts .  These high correlat ions were ant ic ipated from 
pre-f l ight  analyses (c f .  Michael and Tolson (1965), and Tolson and 
Compton (1966)), and indicate  t h a t  it i s  d i f f i c u l t  a t  t h i s  s tage of 
the analysis  t o  obtain separat ion of coef f ic ien ts  which produce 
similar o r b i t a l  perturbations on the  spacecraft .  The separat ion i s  
bes t  obtained through analysis of tracking da ta  from spacecraft  with 
a var ie ty  of o r b i t a l  parameters, and pa r t i cu la r ly  with higher i n c l i -  
nation orb i t s .  
On comparing the grav i ta t iona l  coef f ic ien ts  f o r  the moon and the 
earth,  the  oblateness term, 
than f o r  the moon (-2.22 x lo+, as expected. 
C40, is  grea te r  f o r  the  ear th  (-1.023 x 10-3) 
For the higher degree 
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and order coeff ic ients ,  the  quant i t ies  
1/2 
f o r  the moon are compared with those f o r  the ear th ,  using the ear th  
coef f ic ien ts  derived by Anderle (1965). The values f o r  dn,m f o r  
the  moon a re  l a rge r  than those f o r  the ear th ,  by f ac to r s  of about 
10 t o  100, with the la rger  f a c t o r  applying t o  the  higher degree terms. 
For m = 2, 3, and 4, the  quant i t ies  decrease with increasing n i n  
roughly the same manner f o r  both the  ear th  and the  moon. 
t h i s  comparison indicates  t h a t  the grav i ta t iona l  f i e l d  of 
somewhat "rougher'l than t h a t  of the  ear th ,  the  r e l a t i v e l y  
Although 
the moon i s  
large values 
f o r  the lunar coef f ic ien ts  may be biased by the correlat ions and the 
inclusion of e f f e c t s  due t o  neglected higher harmonics, as mentioned 
above - 
APPLICATIONS TO MASS DISTRIBUTION I N  THE MOON 
The second degree coef f ic ien ts  i n  the  g rav i t a t iona l  po ten t i a l  ex- 
pansion can be r e l a t ed  t o  the moments and products of i n e r t i a  of the 
moon, t o  show what the present r e s u l t s  ind ica te  with respect t o  the  
mass d i s t r i b u t i o n  i n  the  moon. Axes f ixed i n  the  moon are  defined as 
a C a r t e s i a n  se t  X, Y, and Z, with the  X and Y axes i n  the 
equator ia l  plane of the moon, the X axis directed toward the mean 
- 9 -  
di rec t ion  t o  the earth, and the  Z axis directed northward along the 
axis of rotation., With the  def in i t ions  f o r  the  moments and products 
of i n e r t i a  about these body axes, 
c = I, 
YY A = I, B = I  
E = I, F =  Iq Y, D = I  
the re la t ions between the grav i ta t iona l  coef f ic ien ts  and these quantities 
a re  
where M i s  the  m a s s  of the  moon and a is i t s  mean radius.  
For l a te r  use, the quant i t ies  L and K are defined and, a re  r e l a t ed  
t o  the coef f ic ien ts  as follows: 
L = -  3 
K = -  3
2 
2 
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There a r e  only 5 second degree coeff ic ients  t o  be related t o  the 6 
quant i t ies  defining the moments and products of i ne r t i a ,  s o  t ha t  while 
the products of i n e r t i a  are  defined by pa r t i cu la r  coeff ic ients ,  the 
moments o f  i n e r t i a  appear as differences and another r e l a t ion  i s  
required t o  define the individual values, as discussed below. 
Results f r o m  determination of the differences i n  moments of i n e r t i a  
of the moon by c l a s s i c a l  procedures through analyses of op t ica l  and 
physical l ib ra t ions ,  and of  the motions of the node and perigee of 
the moon's orbi t ,  serve as a basis f o r  comparison with some of the 
r e su l t s  obtained from the gravi ta t iona l  f i e l d  parameters. A summary 
of some of the previous r e su l t s  i s  presented i n  Table I V .  
f i n i t i o n s  o f  the various parameters, shown on the bottom of the table,  
a re  those given by J e f f r i e s  (1959). Values obtained by Je f f r i e s  (1961) 
from op t i ca l  and physical l ib ra t ions ,  and by Cook (1959) and J e f f r i e s  
(1961) from the motion of node and perigee are  taken as one s e t  f o r  
comparison, and the more recent r e su l t s  of Koziel (1967) and Eckert 
(1965), from the respective determinations, are  taken as another s e t .  
The e a r l i e r  r e su l t s  indicate  values of f ,  the mechanical e l l i p t i c i t y ,  
above the c r i t i c a l  value of 0.662, while the l a t e r  r e su l t s  are i n  
e s sen t i a l  agreement, with values below the c r i t i c a l  value. The parameter 
g, 
The de- 
re la ted  t o  the polar moment of i ne r t i a ,  can be obtained i n  two ways, 
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from L and p, and from K and y, although p i s  generally con- 
sidered t o  be the more precisely determined parameter. 
values f o r  g shown i n  Table I V ,  three imply a polar  moment of 
i n e r t i a  approaching tha t  of a th in  spherical  s h e l l  ( the "hollow moon" 
paradox). No value f o r  g i s  close t o  the value of 0.5956 suggested 
by Jef f r ies  (1959) on the basis  of reasonable hypotheses on the in t e rna l  
composition of the moon, which value is  close t o  what would be obtained 
f o r  a homogeneous density d is t r ibu t ion ,  0.6. 
r e su l t s  shown i n  Table 111, assuming 
-2.10 x 10-4 and -2.05 x 10-4, 
0.231 x 10-4 are  derived f rom P and y as given i n  Table I V .  
O f  the four  
For comparison with the 
g = 0.6, the values 
and C2,2 = 0.205 x 10-4 and 
C2,o = 
For the values of C2,o and C2,2 given i n  Table 111, there are  
obtained 
I n  order t o  calculate  a r e l a t ion  f o r  the polar  moment of i n e r t i a ,  the 
value f o r  p, 
C - A  B = - - y -  = 6.2s 10-4 
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is  adopted, with which 
This value f o r  
i n  Table I V ,  but i s  s t i l l  ra ther  large compared with the r e s u l t  f o r  
homogeneous densi ty  d is t r ibu t ion .  For g derived f r o m  K and 
the value i s  even la rger  (0.83). The value f o r  f i s  lower than 
would be ant ic ipated f r o m  the r e su l t s  i n  Table I V .  
these r e s u l t s  i s  tha t  the value f o r  C 
because of correlat ions with other coeff ic ients .  Nevertheless, the 
ten ta t ive  conclusion from these resu l t s  is  t h a t  the moment of i n e r t i a  
of the moon is  greater  than tha t  corresponding t o  homogeneous density 
d i s t r ibu t ion  i n  the lunar in t e r io r .  Additional analyses a re  required 
f o r  precise  quant i ta t ive determination of  the moments of i n e r t i a  and 
re la ted  parameters f o r  fu r the r  application. 
g is considerably less  than three of the values shown 
The indicat ion of  
i s  probably too large, 
292 
APPUCATION TO TItE TOPOGRAPHY OF THJ3 MOON 
The coeff ic ients  of the spherical  harmonics i n  the expansion f o r  
the grav i ta t iona l  po ten t i a l  can be s3mply re la ted  t o  the coeff ic ients  
of surface harmonics, representing variations i n  the topography of 
the moon, with assumptions on the density d is t r ibu t ion  i n  the moon, 
as shown by J e f f r i e s  (1959). With the assumption of uniform density 
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d i s t r ibu t ion  i n  the moon, the equation of the surface can be expressed as 
Contours of the topography of the moon, derived from the grav i ta t iona l  
f i e l d  r e s u l t s  of  Table 111, representing differences i n  radius from the 
mean value of 1738 km, a re  shown i n  f igures  1 and 2. The assumption of 
uniform densi ty  d i s t r ibu t ion  implies t ha t  the pos i t i ve  contours represent 
regions of g rea te r  mass and the negative contours represent regions of 
l e s se r  mass than the average. 
from a spher ica l  shape are  about 2.0 km on the port ion of the lunar 
surface facing the ear th  and about 2.5 km on the far s ide .  
i n  topography a re  very much dependent on the values of the higher degree 
and order coeff ic ients ,  through the  polynomials Pn,m (sin$),  and thus 
a re  subject  t o  the uncertaint ies  i n  these coef f ic ien ts .  Although there  
is a very s l i g h t  ind ica t ion  tha t  the m a r i a  may represent areas with mass 
exceeding the mean value and the highlands may represent areas with mass 
l e s s  than the mean value, t h i s  indicat ion i s  not wholly consis tent  and 
not s u f f i c i e n t l y  pronounced t o  draw any firm conclusions a t  t h i s  s tage 
of the analysis .  
The p lo ts  show t h a t  the maximum deviations 
The var ia t ions 
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Figure 1.- Contours of Lunar  Radii Derived f rom Gravitational 
Field Results. 
mean radius of' 1738 km. ) 
(Deviations i n  !sm with respect t o  
Hemisphere facing ear th .  
E 
s 
Figure 2.- Contours of Lunar Radii Derived from Gravitational 
f ie ld  Results. 
mean radius of 1738 km.) 
(Deviations i n  km with respect t o  
Hemisphere away from earth.  
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Launch 
In jec t ion  i n t o  Lunar Orbit 
Transfer t o  Photo Orbit 
SuMMaRY OF PERTINENT LUNAR ORBITER FLIGHT INFORMATION 
Aug. 10, 1966 Nov. 6, 1966 Feb. 5, 1967 
222 : 18 :26 310:23 :21 036:01:17 
Aug. l.4, 1966 No-?. 10, 1966 Feb. 8, 1967 
22.6:~ :34 3l.4~20 :24 039 : 2 1 : 54 
Aug. 21, 1966 Nov. 15, 1966 Feb. 12, 1967 
233 : 09 :51 319:22:58 043 : 18 : 13 
Incl inat ion Change ( t o  17.5') 
Terminated by Commanded 
Impact on Lunar Surface 
A l l  times a re  Greenwich Mean Time, i n  calendar date and i n  
Day of Year:Hour of Day:Minute. 
Dee. 8, 1966 
- - -  342 :20 236 - - -  
Oct. 29, 1966 
302:12:30 - - -  - - -  
- 18 - 
TABU I1 
SUMMARY OF DATA ARCS USED FOE THIS ARALYSIS 
iT 
I 
Times a re  Greenwich Mean Time, i n  Day of Year: Hour of Day. 
- 19 - 
TABLE I11 





2 -31 10-4 
0.633 




2.19 x 10-4 
0.638 












p = -  C - A  
C 
COMPARISON OF PRFVIOUS FESULTS PERTAINING 
TO MASS DISTFZBUTION I N  THE MOON 
J e f f r i e s  Cook (1959) and 
(1961) Jef f  ries (1961) 
6.279 x 10-4 
2.049 10-4 
5.46 10-4 
I 1.07 10-4 




B - A  
Y = C  
NASA-Langley, 1967 
